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A quantum-mechanical treatment of phonon scattering
in carbon nanotube transistors
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Phonon scattering in carbon nanotube field-effect transistors �CNTFETs� is treated using the
nonequilibrium Green’s function formalism with the self-consistent Born approximation. The
treatment simultaneously captures the essential physics of phonon scattering and important quantum
effects. For a one-dimensional channel, it is computationally as efficient as and physically more
rigorous than the so-called “Büttiker probe” approach �Phys. Rev. Lett. 57, 1761 �1986��, which has
been widely used in mesoscopic physics. The non-self-consistent simulation results confirm that the
short mean-free-path optical phonon �OP� scattering, though expected to dominate even in a short
channel CNTFET, essentially has no direct effect on the dc on current under modest gate biases. The
self-consistent simulation results indicate that OP scattering, however, can have an indirect effect on
the on current through self-consistent electrostatics. Using a high-� gate insulator suppresses the
indirect effect and leads to a dc on current closer to the ballistic limit. The indirect effect in a CNT
Schottky barrier FET can be more important than that in a metal-oxide semiconductor FET. © 2005
American Institute of Physics. �DOI: 10.1063/1.2060942�
I. INTRODUCTION

Carbon nanotubes �CNTs� have been extensively ex-
plored for nanoelectronic applications due to their excellent
electrical properties.1 Scattering plays an important role on
carrier transport and I-V characteristics of CNTs.2–4 It has
been demonstrated that under low biases, the dominant scat-
tering mechanism in a high-quality CNT is the near-elastic
acoustic phonon �AP� scattering with a mean free path �mfp�
of �1 �m.2 Due to the long mfp, near-ballistic transport can
be readily achieved for CNTs with submicron-meter
lengths.5 Under high biases, the most important scattering
mechanism is the short-mfp �of �10 nm� optical phonon
�OP� scattering. Because a channel length of �10 nm or
above is preferred for controlling the short-channel effects
and preventing the source-drain tunneling,6 OP scattering is
expected to dominate even in a short-channel CNT field-
effect transistor �FET�. As the channel length of the CNT-
FETs is being aggressively scaled below 100 nm for poten-
tial nanoelectronic device applications,7,8 it is important to
clearly understand the role of phonon scattering in short-
channel CNTFETs. A recent work using semiclassical simu-
lations showed that OP scattering has a very small direct
effect on the dc �on current� under modest gate biases.9

In this work, a quantum treatment of phonon scattering
in CNTFETs using the nonequilibrium Green’s function
�NEGF� formalism with the self-consistent Born
approximation10 is presented. For a CNTFET with a one-
dimensional channel, the approach is physically much more
rigorous than and computationally as efficient as a phenom-
enological treatment of scattering using the Büttiker probe
approach,11 which has been widely used in mesoscopic phys-
ics. The direct and indirect effects of phonon scattering are
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examined using non-self-consistent and self-consistent simu-
lations, respectively, for a CNT Schottky barrier �SB� FET.12

The non-self-consistent simulation results confirm that OP
scattering has a very small direct effect on the dc �on cur-
rent�. The self-consistent simulation results indicate that OP
scattering, however, can have an indirect effect through self-
consistent electrostatics. The indirect effect in a CNT SBFET
can be more important than that in a metal-oxide semicon-
ductor �MOS� FET.13

II. THEORY

A. Modeled device parameters

A high-performance CNTFET with a 8 nm HfO2 top
gate insulator, a 50 nm channel, and good metal/CNT con-
tacts have been recently demonstrated.7 The modeled CNT-
FET �as shown in Fig. 1� is similar to the CNTFET as re-
ported in Ref. 7. The intrinsic �22, 0� zigzag CNT channel
has a channel length of Lch=50 nm, and a diameter of
dCNT�1.7 nm, which results in a band gap of Eg�0.49 eV.
Because the conduction and valence bands of CNTs are sym-
metric, we modeled the n-type conduction for convenience.
The thickness of the source and drain metal contacts is 7 nm,
and the metal Fermi level aligns with the first conduction
subband of the CNT at the metal/CNT interface. The HfO2
FIG. 1. The modeled CNTFET with a 50-nm-long intrinsic channel.
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top gate insulator is 8 nm thick with a dielectric constant of
��20. The SiO2 bottom insulator has a thickness of 10 nm
and a dielectric constant of 3.9. The simulations were per-
formed at the room temperature, T=300 K. The work-
function difference between the n+ substrate and the intrinsic
CNT channel is −0.6 eV, and that between the top gate elec-
trode and the CNT is zero.

B. Ballistic transport

The quantum treatment of phonon scattering is based on
our previous work on the quantum simulation of ballistic
transport in CNTFETs, which is summarized as follows.13

The quantum transport equation was solved using the NEGF
formalism at the ballistic limit,10 which is equivalent to the
open-boundary Schrödinger equation. A simple atomistic ba-
sis set with one pz orbital per carbon atom was used in a
real-space approach. The real-space approach is computa-
tionally expensive, but significant computational savings can
be achieved by using a mode space approach. By performing
a basis transform in the circumferential direction of the tube
�which transforms the real-space lattice to plane waves sat-
isfying periodic boundary conditions�, the mode space ap-
proach decouples the two-dimensional lattice in the real
space to n one-dimensional lattices in the mode space for a
�n ,0� zigzag CNT. Only one or a few lowest modes contrib-
ute to electrical conduction and need to be treated, and the
computational cost is significantly reduced.13 The mode
space approach is valid when the potential variation around
the tube is smaller than the spacing between the neighboring
subbands. �For the modeled CNTFET, the spacing between
the first and second subbands is �0.25 eV.�

A phenomenological treatment of the metal/CNT con-
tacts, which has been validated by experiments,7 was used.13

Each semiconducting mode in the channel is coupled to the
metallic mode in the metal contact, with two input param-
eters. The first parameter is the metal/CNT work-function
difference, which determines how the subbands in the chan-
nel align with the metal contact Fermi level. The second
parameter is the coupling strength between the semiconduct-
ing mode in the channel and the metallic mode in the con-
tact, which determines the density of metal-induced gap
states �MIGSs� at the interface. The treatment is at the same
level as the model described by Leonard and Tersoff.14 The
metal-induced interface charges can produce a potential bar-
rier near the junction, but due to the low dimensionality of
the interface charges, the barrier decays rapidly with distance
and does not result in Fermi-level pinning.14

A three-dimensional �3D� Poisson equation was self-
consistently solved with the quantum transport equation us-
ing the method of moments.15 The 3D geometry of the metal
contacts was simulated in the electrostatic calculations. The
iteration between the NEGF transport equation and the 3D
Poisson equation continued until self-consistency was
achieved. The source-drain current was finally computed us-

13
ing the self-consistent subband profile.
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C. Phonon scattering in CNTs

Two phonon scattering mechanisms were identified to be
important in CNTs.2–4 Under low biases, near-elastic AP
scattering dominates. The long mfp of AP scattering leads to
near-ballistic transport in submicron tubes. Under high bi-
ases, optical phonons �with small wave vector k�0� and the
zone-boundary phonons �with large k near the Brillouin-zone
boundary� with energies between 160 and 200 meV domi-
nate, and result in optical-intravalley scattering and optical-
intervalley scattering, respectively.4,16,17 OP scattering �in-
cluding both intravalley and intervalley scatterings� has a
much shorter mfp than AP scattering.2

The mfps of phonon scattering can be obtained by two
approaches. In the first approach, the mfps are computed
from the deformation potential using Fermi’s golden
rule.4,16,17 In the second approach, the mfps are obtained by
fitting the experimentally measured I-V characteristics.2–4

Previous studies on metallic tubes showed that although the
mfps of AP scattering obtained by the first and second ap-
proaches are similar, the OP scattering mfp obtained by the
first approach is several times longer than that obtained by
the second approach.2,4 Future work is needed to understand
this discrepancy. In this study, we used the mfps obtained by
fitting. Varying the mfps to the values computed from the
deformation potential16 does not change the qualitative re-
sults of the work.

The scattering rate in a semiconducting CNT is strongly
energy dependent due to its energy-dependent density of
states �DOS�. At high energies, the value approaches that of
a metallic tube because the E-k of a semiconducting band
approaches that of a metallic band. The following expression
was used to describe the scattering rate in the CNT channel:

1

��E�
=

�F

�AP
high

D�E�
D0

+
�F

�OP
high

D�E − ��OP�
D0

, �1�

where �F�1.0�108 cm/s is the Fermi velocity, and �AP
high

=1.0 �m and �OP
high=10 nm are the backscattering mfps for

AP scattering and OP scattering in a semiconducting CNT at
high energies, respectively, which approach the value in me-
tallic tubes.2 AP scattering is treated as an elastic-scattering
mechanism. Optical and zone-boundary phonons with an en-
ergy in the range between 160 and 200 meV scatter
electrons,16,18 and an average OP energy of ��OP

=180 meV is used. Only phonon emission is treated because
the phonon energy ��OP	kBT at room temperature and the
number of optical phonons at thermal equilibrium N��0.
�No hot phonon effect is observed in a CNTFET with a non-
suspended channel for the drain bias VD
1 V.19� D�E� is the
energy-dependent DOS in the semiconducting CNT,

D�E� � D0�
�

E + �1

��E + �1�2 − ��
2

�E + �1 − ��� , �2�

where �� is the half band gap for the �th subband, and 
�x�
is the unitary step function. The energy reference point E
=0 is at the bottom of the first conduction subband. Figure 2
plots the scattering rate as a function of the energy for a CNT

with a diameter of dCNT�1.7 nm.
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D. A NEGF treatment of phonon scattering
in CNTFETs

Phonon scattering in the CNTFET is treated using the
NEGF formalism with the self-consistent Born
approximation.10,20 For a one-dimensional channel, it is com-
putationally as efficient as and physically more rigorous than
the so-called “Büttiker probe” approach,11 which has been
extensively used in mesoscopic physics. Figure 3 shows the
quantities used in the NEGF simulation. The channel is
coupled to the subspaces with one more or one less phonon
by phonon scattering. The treatment relates the in-scattering
and out-scattering self-energies, �in and �out, to the electron
and hole correlations G�

n and G�
p through the following rela-

tions:

�in�E� = 	UAP	2�I � �
�

G�
n�E��

+ 	UOP	2�I � �
�

G�
n�E + ��OP�� , �3a�

�out�E� = 	UAP	2�I � �
�

G�
p�E��

+ 	UOP	2�I � �
�

G�
p�E − ��OP�� , �3b�

where � is the subband index, ��OP is the OP energy, I is the
identity matrix, � is the element-by-element matrix multipli-
cation, and 	UAP	2 and 	UOP	2 are the perturbation potential
squares of the AP scattering and the OP scattering, respec-

FIG. 2. The scattering rate vs energy. The energy zero is set at the bottom of
the first conduction subband. Intersubband scattering is included.

FIG. 3. The NEGF treatment of phonon scattering in a CNTFET using the
self-consistent Born approximation. The CNT channel is coupled to the
source �drain� contact with a self energy of �1 ��2�. The channel has a
Hamiltonian matrix �H�, and is coupled to the subspaces with one more or

one less phonon, N�±1.
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tively. For a zigzag CNT, they relate to the backscattering
mfps by using Fermi’s golden rule,

	UAP/OP	2 =
4���F�2

3acc�AP/OP
high , �3c�

where acc is the C–C bonding distance.
The broadening matrix of phonon scattering is

�SCA�E� = �in�E� + �out�E� , �4�

and the self-energy matrix of phonon scattering is

�SCA�E� � −
i

2
�SCA�E� . �5�

The retarded Green’s function for the �th subband of the
CNT channel is

G�
r�E� = �EI − H − �1��E� − �2��E� − �SCA�E��−1, �6�

where H is the channel Hamiltonian matrix, and �1�/2� is the
self-energy matrix of the source/drain contact. The electron
and hole correlation of the �th subband can be computed as

G�
n�E� = G�

r��1�fs�E� + �2�fD�E� + �in�G�
r+, �7a�

G�
p = G�

r��1��1 − fs� + �2��1 − fD� + �out�G�
r+, �7b�

where fS/D�E� is the source/drain Fermi distribution function,
and �1�/2�= i��1�/2�−�1�/2�

+ � is the broadening matrix of the
source/drain contact. The coupled quantum transport equa-
tions �Eqs. �3�–�7�� were iteratively solved until convergence
was achieved.

In a non-self-consistent simulation, the potential profile
was an input for the quantum transport equations �Eqs.
�3�–�7��. In a self-consistent simulation, the quantum trans-
port equations were solved self-consistently with the Poisson
equation. After self-consistency was achieved, the source and
drain currents were computed as

IS =
4e

h
�

�



−�

+�

dE Tr��1�fSA� − �1�G�
n� , �8a�

ID =
4e

h
�

�



−�

�

dE Tr��2�G�
n − �2�fDA�� , �8b�

where A�=G�
n+G�

p is the spectrum function of the �th sub-
band.

III. SIMULATION RESULTS

The quantum simulations are used to examine the effect
of phonon scattering on the dc �on current� of the CNTFET
as shown in Fig. 1. We first self-consistently compute the
band profile and the on current Ib at the ballistic limit �with
�AP

high=�OP
high→ +��. The solid lines in Figs. 4 and 5 show the

first subband profile at the ballistic limit for the on state
�VD=VG=0.4 V�. The small potential barrier at the source/
CNT interface is produced by the low-dimensional interface
charges induced by the MIGS. The computed ballistic on
current is Ib�4.7 �A. In order to explore the direct effect of
phonon scattering, we perform non-self-consistent simula-

tions in the presence of only AP scattering �as shown in Fig.
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4� and in the presence of both AP and OP scatterings �as
shown in Fig. 5� using the ballistic subband profile as an
input. The current in the presence of phonon scattering, Insc,
is computed by solving Eqs. �3�–�8�. The ballistic figure of
merit �Insc / Ib� is evaluated.

In the presence of only AP scattering ��AP
high=1.0 �m and

�OP
high→ +��, the on current Insc

AP �4.4 �A is about 94% of the
ballistic on current. AP scattering has a small effect on the
source-drain current due to its long mfp. The dashed �dash-
dot� line in Fig. 4 shows the source �drain� current spectrum
versus the energy in the presence of only AP scattering. No
energy relaxation occurs because AP scattering is elastic, and
the source and drain current spectra are equal. Rapid oscil-
lations due to quantum interference are observed in the simu-
lated current spectra. Because AP scattering is weak and in
the channel is short, carrier transport in the channel is near
coherent. Electron waves reflected by the metal/CNT inter-
fere with each other as in a Fabry-Perot resonator,21 which
results in oscillations in the current spectra.

Figure 5 shows the non-self-consistent simulation results
in the presence of both AP scattering ��AP

high=1.0 �m� and OP
scattering ��OP

high=10 nm�. The dashed �dash-dot� line shows
the source �drain� current spectrum. In contrast with the re-
sults in Fig. 4, energy relaxation is clearly observed in Fig. 5.
When electrons travel through the channel, emitting one or a

FIG. 4. The non-self-consistently computed source current spectrum �the
dashed line� and the drain current spectrum �the dash-dot line� in the pres-
ence of only AP scattering. The first subband profile is shown by the solid
line.

FIG. 5. The non-self-consistently computed source current spectrum �the
dashed line� and the drain current spectrum �the dash-dot line� in the pres-
ence of both AP and OP scatterings. The first subband profile is shown by

the solid line.
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few OPs results in the peak values on the drain current spec-
trum below the peak of the source current spectrum �as
shown in Fig. 5�. Because the OP scattering mfp is several
times shorter than the channel length, carrier transport in the
channel is noncoherent and the rapid oscillations in the cur-
rent spectra �as shown in Fig. 4� are not observed.

Although OP scattering has a significant effect on the
current spectra, the quantum simulations confirm that its di-
rect effect on the dc is very small, as described in a recent
study using semiclassical simulations.9 The simulated on cur-
rent in the presence of both AP and OP scatterings, Insc

�4.4 �A, is approximately the same as that in the presence
of only AP scattering. The OP scattering essentially has no
direct effect on the on current for the following reason. After
emitting an OP, whose energy is much larger in a CNT than
in common semiconductors, a backscattered electron en-
counters a much higher and thicker Schottky barrier at the
source end, and can hardly return back to the source.9 The
OP scattering, though occurs even in a short-channel CNT-
FET, has a very small direct effect on the current under mod-
est gate biases. The above results cannot be obtained by the
phenomenological Büttiker probe approach11 because it does
not model the phonon energy of each scattering mechanism.

We next perform the self-consistent simulations by solv-
ing the quantum transport equations self-consistently with
the Poisson equation in the presence of phonon scattering.
Figure 6�a� shows that phonon scattering results in a larger
electron density in the channel region. The reason is that
phonon scattering leads to random walks of carriers and low-
ers, the average carrier velocity. The charge density in the
channel must increase to maintain a similar source-drain cur-
rent. Due to a self-consistent potential produced by the larger
electron density, the band profile in the channel region moves
up as shown in Fig. 6�b�, which reduces the source-drain
current. As shown by the current spectra plotted in Fig. 6�b�,
compared with the non-self-consistently computed current
spectrum �the dash-dot line�, the self-consistently computed
current spectrum �the solid line� delivers a smaller current
density in a narrower energy window. The self-consistently
computed on current is Isc�3.7 �A, and is about 80% of the
ballistic on current. Although the OP scattering essentially
has no direct effect on the source-drain dc, it lowers the

FIG. 6. The self-consistent simulation results for the CNTFET as shown in
Fig. 1. �a� The electron densities and �b� the first conduction subband pro-
files at the ballistic limit �the dashed line� in the presence of AP and OP
scatterings �the solid lines�. The top axis of �b� shows the current spectra
computed in the presence of scattering. The dash-dot line is computed using
the dashed band profile, and the solid line is computed using the solid band
profile.
ballistic figure of merit from 94% to 80% due to the indirect
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effect of phonon scattering through self-consistent electro-
statics.

Using a high-� gate insulator suppresses the indirect ef-
fect by reducing the self-consistent potential. For compari-
son, we simulated a CNTFET as shown in Fig. 1 with a SiO2

top gate insulator, instead of a HfO2 gate insulator. The
dashed line in Fig. 7 shows the self-consistent subband pro-
file at the ballistic limit, with a ballistic on current of Ib�
�3.00 �A. Compared with the high-� insulator case, the
ballistic on current decreases because the same amount of
interface is less efficiently screened by the SiO2 gate insula-
tor, which results in a thicker Schottky barrier at EF=0.22

The dash-dot line shows the non-self-consistently computed
current spectrum in the presence of AP and OP scatterings
�the dash-dot line� using the ballistic subband profile, which
corresponds to an on current of �2.87 �A, about 95% of
Ib��3.00 �A. The non-self-consistent calculation confirms
the small direct effect of phonon scattering. The solid lines
plot the self-consistently computed subband profile �at the
bottom axis� and the current spectrum �at the top axis� in the
presence of AP and OP scatterings. The comparison of Figs.
6�b� and 7 indicates that the self-consistent potential due to
the increased charge density in the channel is larger for a
SiO2 gate insulator, because its gate insulator capacitance is
smaller. The self-consistently computed on current in the
presence of scattering is Isc� �2.1 �A, and the ballistic figure
of merit is about 70%. The indirect effect of phonon scatter-
ing through self-consistent electrostatics lowers the ballistic
figure of merit from 95% to 70%, which is more severe than
it does for the CNTFET with a high-� gate insulator. The
application of a high-� insulator not only increases the bal-
listic current of a CNTFET, but also facilitates the transistor
to deliver an on current closer to its ballistic limit by sup-
pressing the indirect effect of phonon scattering.

The indirect effect in an unconventional SBFET behaves
in both similar and different ways as in a conventional
MOSFET.20 Figures 8�a� and 8�b� sketch the subband profile
and an OP emission event under a modest gate bias in a CNT
SBFET and in a CNT MOSFET,23 respectively. For the CNT

FIG. 7. The self-consistent simulation results for the CNTFET as shown in
Fig. 1 but with a SiO2 top gate insulator. The bottom axis shows the first
conduction subband profiles at the ballistic limit �the dashed line� and in the
presence of AP and OP scatterings �the solid lines�. The top axis shows the
current spectra computed in the presence scattering. The dash-dot line is
computed using the dashed band profile, and the solid line is computed
using the solid band profile.
SBFET, the current is controlled by quantum tunneling
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through the Schottky barrier at the source end of the channel.
For the CNT MOSFET, the current is controlled by thermi-
onic emission over the top of the barrier at the beginning of
the channel.24 For both transistors, OP scattering can result in
pile up of charge in the channel, and affects the potential
profile near the source through a two-dimensional electro-
static effect.6 The indirect effect in the CNT SBFET, how-
ever, is expected to be more severe than that in the CNT
MOSFET. As shown in Fig. 8, the potential profile at the
beginning of the channel in the CNT SBFET varies much
more rapidly than in the CNT MOSFET for a similar on
current. As a result, the source-injected electrons in the CNT
SBFET can gain enough energy and emit an optical phonon
within a distance much shorter than that in the CNT
MOSFET. The pile up of charge in a CNT SBFET occurs
closer to the beginning of the channel, and has a larger effect
on the potential profile at the beginning of the channel,
which controls the source-drain current. The indirect effect,
therefore, is expected to be more important in the CNT
SBFET.

The simulation results presented above are for a CNT-
FET with a 50 nm channel length at a gate voltage of 0.4 V,
and we also examined the indirect effect of phonon scatter-
ing at different channel lengths and gate voltages. For a short
channel CNT SBFET �Ich
100 nm�, because the indirect
effect affects the on current by modifying the Schottky bar-
rier at the source end of the channel, the qualitative conclu-
sions remain the same for different channel lengths as long
as the channel length is larger than the OP scattering mfp
��10 nm�. When the gate voltage is varied, we find that the
indirect effect is more important at higher gate voltages
when a larger percentage of source-injected carriers encoun-
ter OP scattering and the charge density in the channel is
larger.

IV. SUMMARY

We presented a self-consistent quantum treatment for
phonon scattering in CNTFETs using the NEGF formalism
with the self-consistent Born approximation. The essential
physics of phonon scattering and important quantum effects
are simultaneously captured. The approach is physically
more rigorous than the Büttiker probe approach because it
physically treats each scattering mechanism with its phonon
energy, which plays an important role on determining the
effect of scattering. For a one-dimensional channel, it is

FIG. 8. The schematic sketch of the first subband profile and an OP emis-
sion event for �a� a SBFET and �b� a MOSFET with a similar channel length
and on current under a modest gate bias.
computationally as efficient as the Büttiker probe approach.
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We show that although its direct effect is small due to
large OP energies, the short-mfp OP scattering can affect the
source drain dc indirectly through the self-consistent electro-
statics. The application of a high-� gate insulator not only
increases the ballistic current of a CNTFET, but also facili-
tates the transistor to deliver a source-drain dc closer to its
ballistic limit by suppressing the indirect effect of the OP
scattering. The indirect effect in a CNT SBFET is expected
to be more important than that in a CNT MOSFET.
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